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THE EFFECT OF CURVATURE ON THE BEST CONSTANT IN 
THE HARDY-SOBOLEV INEQUALITIES 


N. GHOUSSOUB AND F. ROBERT 


Abstract. We address the question of attainability of the best constant in 
the following Hardy-Sobolev inequality on a smooth domain Q of 

:= inf < [ u G H? q(Q) and [ -—!— dx = 1 

’ JQ 

when 0 < s < 2, 2* := 2*(s) = when 0 is on the boundary 

OQ. This question is closely related to the geometry of as we extend here 
the main result obtained in EH by proving that at least in dimension n > 4, 
the negativity of the mean curvature of at 0 is sufficient to ensure the 
attainability of Key ingredients in our proof are the identification of 

symmetries enjoyed by the extremal functions correrresponding to the best 
constant in half-space, as well as a fine analysis of the asymptotic behaviour 
of appropriate minimizing sequences. The result holds true also in dimension 
3 but the more involved proof will be dealt with in a forthcoming paper E?]. 


1 . Introduction 


Let n be a smooth domain of R", n > 3 and denote by the completion 

of C“(n), the set of smooth functions compactly supported in for the norm 


||m||jj 2 = y J^\Vu\^ dx. The Hardy-Sobolev inequality (j^, [H], EHl) asserts 

that for s £ [0, 2] and for 2* := 2*{s) = there exists C > 0 such that for all 


u G Hl ^ 


We define 




■ dx 


/ r " \xr 


< c 


|VmP dx. 


Hsi^) = inf 






( 1 ) 


( 2 ) 


and we consider the corresponding ground state solutions in ibf o(^) C^(H) for 


Am = 

M > 0 
M = 0 




in 

in H 
on dfl. 


( 3 ) 
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where here and throughout the paper, A = — da is the Laplacian with minus 
sign convention. 

It is well known (see for instance m) that in the non-singular case i.e., when 
s = 0, we have /is(fl) = /is(R”) for any domain and that /is(fl) is never attained 
unless cap(M" \ fl) = 0. In this situation, the limiting spaces after blow-up of 
solutions of is M". It was shown in CHI that the same result holds true for any 
0 < s < 2 as long as 0 belongs to the interior of a domain. 

However, the fact that things may be different when 0 G dVl first emerged in a 
paper by Egnell m where he considers open cones of the form C = {x € R"; x = 
r0,9 G D and r > 0} where the base D is a connected domain of the unit sphere 
gn-i showed that /J.s(C') is then attained for 0 < s < 2 even when 

C ^ R”. This obviously applies to a half-space R” = {a; G R" / xi < 0}, where xi 
denotes the first coordinate of a generic point x G R” in the canonical basis of R". 

Half-spaces containing 0 on their boundary were identihed in CHI as the limiting 
spaces after blow-up in the case where 9H is smooth at 0, and the curvature of the 
boundary at 0 then gets to play an important role. In our context, we specify the 
orientation of 912 in such a way that the normal vectors of 912 are pointing outward 
from the domain 12. It was shown in CHI that in dimension n > 4, the negativity 
of all principal curvatures at 0 -which is essentially a condition of “strict concav¬ 
ity” at 0- leads to attainability of the best constant for problems with Dirichlet 
boundary conditions, while the Neumann problems required the positivity of the 
mean curvature at 0. On the other hand, standard Pohozaev type arguments show 
non-attainability in the cases where 12 is convex or star-shaped at 0. 

In this paper, we improve and complete the results in m in a substantial way 
by showing that for the best constant to be achieved, it is sufficient that the mean 
curvature be negative. This is now quite similar but dual to the case with Neumann 
boundary conditions which requires the mean curvature to be positive. 

More precisely, assume that the principal curvatures ai ,..., ttn-i of 912 at 0 are 
finite. The oriented boundary 912 near the origin can then be represented (up to 
rotating the coordinates if necessary) by xi = (po{x') = J 27=2 + o{\x'\^), 

where x' = (x 2 , ■■■,Xn) G Bs{0) D {a;i = 0} for some <5 > 0 and where ^^(O) is the 
ball in R" centered at 0 with radius 6. If one assumes the principal curvatures at 
0 to be negative, that is if 

max ai < 0, 

l< 2 <n—1 

then the sectional curvature at 0 is negative and therefore 9f2 -viewed as an (n — I)- 
Riemannian submanifold of R"- is strictly convex at 0 (see for instance ^3]). The 
latter property means that there exists a neighborhood C7 of 0 in 9f2, such that 
the whole of U lies on one side of a hyperplane H that is tangent to 9f2 at 0 and 
U n H = {0}, and so does the complementary R" \ 12, at least locally. The above 
curvature condition then amounts to a notion of strict local convexity of R" \ 12 at 
0. Our main result below shows that at least for dimension greater than 4, it is 
sufficient to assume that 

< 0 . 

l<z<n-l 

Theorem 1.1. Let LI be a smooth bounded oriented domain o/R" where n > 4, such 
that 0 G 9f2 and assume s G (0,2). If the mean curvature of dLl at 0 is negative, 
then the infimum in ^ is achieved. In addition, the set of minimizers of 

m is pre-compact in the Hf —topology. 
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The first difficulty we have to face here is that the extremals for © when n = R" 
are not known explicitely, and our first result below -proved in section 2- is the 
identihcation of certain symmetries enjoyed by these extremals -and actually all 
positive solutions- on half-space. 

Theorem 1.2. Let n > 3, s G (0, 2) and consider u G (^^(IR" ) n ) such that 


( Au = in R” 

I u>0 inMdL (4) 

y u = 0 on 9R", 

where 2* = ■ Assume that for some C > 0, u[x) < C{1 + for all 

X G M" . Then we have that uoa = u for all isometry o/R" such that cr(R") = R" . 
In particular, there exists v G ^^(M* x R) n (^^(R- x R) such that for all xi < 0 
and all x' G R"”^, we have that u(xi,x') = v(xi, |x'|). 


The attainability result is then obtained by combining this new information 
with a fine study of the asymptotic behaviour of solutions to the corresponding 
subcritical pde’s. They can eventually develop a singularity at zero as we approach 
the critical exponent 2*(s), and for that we proceed to completely describe the way 
they may blow up, which makes for an interesting analysis in its own right. 
Indeed, assume is a smooth bounded domain of R" such that 0 G dfl and consider 
for any e G (0, 2* — 2), the infimum 


Ps(fl) := inf 

ueHl„(Q)\{0} 


fa iVupdx 


(t 




r2 |rc|® 


■ dx 


which is achieved by a function Ug G iJj g(r2), Uj > 0 in in (7^(11) n (7^(11 \ {0}) 
that satisfies the system 


Auf = 


Ue> 0 




■dx = 


in T>'{VL) 
in n 


The bulk of the paper (beyond section 2) consists of proving the following estimate. 


Theorem 1.3. Let LI he a smooth bounded oriented domain o/R" where n > 4, 
and assuming that converges weakly to zero (i.e. when blow-up occurs), then 
there exists v solution for OF such that 


\Vvf dx = =/Xs(R!() 2*-2 


while -modulo passing to a subsequence- we have 

lim e (maxite) "-2 =-— ■H{0). 

^ n(n — 2)2/is(R7) 

where H{0) is the mean curvature of the oriented boundary dLl at 0. 


These techniques actually allow us to prove the following existence theorem. We 
shall say that a function is in C^{Lt) if it can be extended to a (7^—function in a 
neighborhood of Lt. 
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Theorem 1.4. Let LI he a smooth bounded oriented domain o/R” where n > 4, 
such that 0 G dLl. Assume s G (0, 2) and consider a G C'^(ri) such that the operator 
A + a is coercive in LI. If the mean curvature of dLl at 0 is negative, then there 
exists a solution u G Hf q{LI) n (7^(12) for 

{ Au + au= inV'iLl) 

M > 0 in LI 

u = Q on dLl. 

The study of blow-up solutions in certain nonlinear elliptic equations was initi¬ 
ated by Atkinson-Peletier PP (see also Brezis-Peletier |3]). In the Riemannian con¬ 
text, such asymptotics were first studied by Schoen [2H1 and Hebey-Vaugon [23|. 
The techniques of blow-up have been developed in a general context by Druet, 
Hebey and the second author They turned out to be very powerful tools for 
the study of best constant problems in Sobolev inequalities, see for instance Druet 
0, Hebey-Vaugon [22, El and Robert El). We also mention the work of Han 
El, Hebey El: Druet-Robert El and Robert El) on the asymptotics for solu¬ 
tions to nonlinear pde’s, the 3—dimensional conjecture of Brezis solved by Druet H 
and the intricate compactness issues in the Riemannian context (see for instance 
Schoen El and Druet El)- 

In a forthcoming paper El, we shall establish a more rehned compactness result 
which yields an infinite number of sign changing solutions for In another 

forthcoming article El, we tackle similar questions for various critical equations 
involving a whole affine subspace of singularities on the boundary. 


2. Symmetry of the positive solutions to the limit equation 


This section is devoted to the proof of Theorem II .21 that is the symmetry prop¬ 
erty for the positive solutions to the limit equation on R.". For that, we consider 
u G (R7) n (1R7) that verifies the system 01 while verifying for some C > 0 
the bound 

C 

u(x) < — - r-U - T (5) 

for all X G K". Denoting by ei the hrst vector of the canonical basis of R", we 
consider the open ball L> := i?i /2 and define 


( 6 ) 


v(x) := \x\ Cl -I- — 

V F 

for all a; G D \ {0} and i;(0) = 0. Clearly, this is well-defined. 
Step 2.1: We claim that 

_ 

V G C^iD) n C^(D) and — < 0 on dD 

du 

where d jdv denotes the outward normal derivative. 


( 7 ) 


Proof. It follows from the assumptions on u that v G C‘^{D) n (7^(1) \ {0}). More¬ 
over, v{x) > 0 for all X G D and v{x) = 0 for all x G dD \ {0}. It follows from 0 
that there exists (7 > 0 such that 


v{x) < C\x\ 


(8) 
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for all X e £)\ {0}. Since r!(0) = 0, we have that v € C^(D). The function v verifies 
the equation 

|a;+|x|2ei|- “ |x|«|x + eir 

in D. Since —ei S dD \ {0} and v ^ C^{D\ {0}) n C°{D), there exists C > 0 such 
that 

v{x) < C\x + Cl I (10) 

for all X € D. It then follows from (0, ®, cni) and standard elliptic theory that 
V G C^{D). Since v > 0 in U, it follows from Hopf’s Lemma that ^ < 0 on 
dD. □ 


We prove the symmetry of u by proving a symmetry property of v, which is 
defined on a ball. Our proof uses the moving plane method. We take largely 
inspiration in [1^1 and El. Classically, for any u > 0 and any x = (x'.Xn) G R" 
(x' G and G M), we let 

Xf_t = (x', 2n - Xn) and = {a; G D/ x^ G D}. 

It follows from Hopf’s Lemma (See 0) that there exists eo > 0 such that for any 
/r G (^ — eo, 5 ), we have that ^ 0 and v{x) > v{Xfj) for all x G such that 
Xn < We let /r > 0. We say that (P^) holds if: 

Dfi ^ 0 and v{x') > v{Xfj,) for all x G such that Xn < M- 


We let 


A := min 


> 0; {Pu) holds for all v G 



( 11 ) 


Step 2.2: We claim that A = 0. 


Proof. We proceed by contradiction and assume that A > 0. We then get that 
Pa 7 ^ 0 and that (Pa) holds. We let 

w{x) := v(x) — v{x\) 


for all X G Pa O {xn < A}. Since (Pa) holds, we have that w{x) > 0 for all 
X G Pa n {xn < A}. With the equation 0 of u and (Pa), we get that 


Aw 


> 


v{xY* ^ v{x\)'^' ^ 

|x + |a;|2ei|'* \xx + \xx\'^ei\‘^ 


v{xx) 


2 *-l 


1 


1 


\x + \xYei\ 


\xx + HaI ei| 


for all X G Pa H {x„ < A}. With straightforward computations, we have that 
\xx? - \x\^ = 4A(A - Xn) 

\xx + \xx?ei? -\x+ Ixpeip = (|a:Ap - \x\'^) (l + |a;Al^ + \x\'^ + 2xi)) 


for all X G R". It follows that Aw{x) > 0 for all x G Pa H {xn < A}. Note 
that we have used that A > 0. It then follows from Hopf’s Lemma and the strong 
comparison principle that 


dxL) 

w > 0 in Dx n [xn < A) and < 0 on Dx H {xn = A}. 

ou 


(12) 
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By definition, there exists a sequence (Ai)igN G K and a sequence G D such 

that \i < A, a;* G (a;*)„ < Ai, limi^+oo Xi = X and 

vix'-) < v{{x’-)x,) (13) 


for all z G N. Up to extraction a subsequence, we assume that there exists x G 
Dx n {xn < A} such that limi^+oo x'^ = x with Xn < A. Passing to the limit 
i +00 in CSJ, we get that v(x) < v{xx)- It follows from this last inequality and 
m that v{x) — v(xx) = w{x) = 0, and then x G d{Dx n {xn < A}). 

Case 1: If a; G dD. Then v{xx) = 0 and xx G dD. Since D is a, ball and A > 0, we 
get that X = XX & dD. Since u is C^, we get that there exists n G {{x’')n, 2Ai — (a;*)„) 
such that 

v{x^) - v{{x'^)xi ) = dnv{{x'y, Ti) X 2((a;*)„ - Ai) 

Letting i —> +oo, using that (a;*)„ < Ai and we get that dnv{x) > 0. On the 
other hand, we have that 


dnv{x) = (z^(a:)|e„) = , 

ov \x + ei/2| ov 


A contradiction with 0 . 

Case 2: If x G D. Since v{xx) = v(x), we then get that xx & D. Since x G 
d{Dx n {xn < A}), we then get that x G I? 0 {x„ = A}. With the same argument 
as in the preceding step, we get that dnv{x) > 0. On the other hand, with m , we 
get that 2dnv{x) = dnw{x) < 0. A contradiction. 

In all the cases, we have obtained a contradiction. This proves that A = 0. □ 


Step 2.3: Here goes the final argument. Since A = 0, it follows from the definition 
m of A that v{x',Xn) > v{x',—Xn) for all x G H such that x„ < 0. With the 
same technique, we get the reverse inequality, and then, we get that 

x(x',x„) = v{x', -Xn) 

for all X = (x',x„) G D. In other words, v is symmetric with respect to the 
hyperplane {x„ = 0}. The same analysis holds for any hyperplane containing el. 
Coming back to the initial function u, this complete the proof of Theorem 1.2. 


3. Test-functions estimates 


We first introduce some definitions and notations. We consider a family (ae)e>o G 
C^(H) and a function a G C^(H) such that there exists an open subset U C K" 
such that tte, a can be extended to D by C^—functions that we still denote by Oe, a. 
We assume that they satisfy 


ft CC U and lim = a in ClnciU). 

e —»-0 


We assume that 


A -|- a is coercive in H, 


that is, there exists cq > 0 such that 


(14) 


(15) 
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for all ip S the set of C^-functions compactly supported in fl. 

let 




Vm|^ + au^) dx 

(/n 


Finally, we 


Note that /is,o(^^) = We let xq & Oil. Since dil. is smooth and xq £ dil, 

there exist U,V open subsets of M", there exists / an open intervall of K, there 
exists U' an open subset of such that 0 G U = I x U' and xq £ V. There 
exist if £ C°°{U, V) and (po £ C°°(U') such that 


(i) ip : U ^ V is a C°° — diffeomorphism 
(a) ip{0) = xo 

(in) Doip = IdRr. 

(iv) ip(U n {xi < 0}) = <p{U) n n and ip{U n {xi = 0}) = ip(U) n dfl. 

iv) ip{xi,y) = Xo + (xi + ipoiy),y) for all {xi,y) G I xU' = U 

(vi) <po(0) = 0 and V(/3o(0) = 0. 


Here D^ip denotes the differential of ip at x. This chart will be useful throughout 
all the paper. 


The first result we prove is an upper bound for /is,a(f^)- 


Proposition 3.1. Let fl be a smooth bounded domain of M”, n > 3, such that 
0 £ dfl. If a G (7°(n) and s G (0,2), then y,s,ai^) < /rs(M"). 

Proof. Let a > 0 and u G ) \ {0} such that 

\Vu\^dx 


{Ir-_ ^ dx 


) 


< + oc. 


Taking xq = 0 in dig, we define 


/ (f ^(X) 

tig(x) = e u * 


for all X £ H and all e > 0. As easily checked, for e > 0 small enough, we have that 

u, G 

With a change of variable, we get that 

, f \u{y)f 


— dx = 

In dR" 




• |Jac(e?/)| dy 


Since u is compactly supported, we get with point (iii) of itTO) and Lebesgue’s 
convergence theorem that 


lim 


'^^oJn Fl 

On the other hand, we have that 


■ dx = 


■ dx. 


/ (|Vuep + aWg) dx = / (iVwIg + e^ao (p{ex)u'^) ■ \/\gr\dx, 

Jn JR" 
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where {ge{x))ij = {dnp{ex),djg){ex)), and \ge\ = det(ge). With point (iii) of itTHI) 
and Lebesgue’s convergence theorem, we get that 


lim / (|Vuep + aUj) dx = 


R" 


As a consequence, we get that 

+ auD dx /r" 






where lime^oo(l) = 0. Letting e —> 0 and a 
proposition. 


|VmP dx. 


—h o(l) < /is(]R” ) + O + o(l) 

0 yields the conclusion of the 


4. The subcritical case 


Step 4.1: In order to construct minimizers for we consider a subcritical 

minimization problem for which we recover compactness. This is the object of the 
following proposition. 


Proposition 4.1. Let LI be a smooth bounded domain o/M", n > 3 and s G (0,2). 
For any e G (0, 2* — 2), we let G (7^(12) such that A + is coercive. Then for 
any e G (0, 2* — 2), the infimum 


(Q) := inf 

ueHl„{n)\{o} 


/q(|VwP + dx 

(4^ 


is achieved by a function G FI^q^LI), Ue > 0 in 12. Moreover, G (7^(12) n 
(7^(12 \ {0}) and can be assumed to satisfy the system 


AUe + aeUe 



Ue > 0 


2* -e 
2*-2-e 


in VfLl) 
in LI 


Proof. This result is quite standard. We prove the proposition for the sake of 
completeness. We claim that there exists a minimizer for g,l^^{Ll). Indeed, let 
{uk)keN G iLJo(I2) be a minimizing sequence for /i| £,^(12) such that 


f dx = 1 and ^^{Ll) = [ {\\/uk\'^ + a^ul) dx + o{l) 

JQ. Fl ’ JQ. 

where limfc^+ooo(l) = 0. Since ^(n) = 0(1) when k +oo, there exists 

Ue G FIIq{LI) such that, up to a subsequence, Uk Ue weakly in F[1q(LI) when 
k +00 and lim^^+oo Ufe(x) = Ue(x) a.e. in 12. Let 6^ = Uk — Ue G F[i q{LI). As 
easily checked, we have that 

ds,a,(^) = /" (|VWeP + aeU^)dx + / | Vdfe ^ dx + o(l), 

Jn JQ. 


( 17 ) 
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where linifc^+oo o(l) = 0. Let rj G such that ri{x) = 1 for all x £ [—1,1]. 

Let A > 0. With Lebesgue’s theorem, we have that 


\uk\ 


2*-e 


|2*-e 


In Fl 


/a 


dx- — 

Jn \x\' 

Uk\ \Uk\’^*~^ 


dx 


(t) 


Ue \ \U. 




| 2 *-£ 


dx 


+ 


JQ. 

< o(l) + 


l-rj 
1 


(t) 


|wfc| 


2*-e 


< 0 ( 1 ) + T. 

1 


\ — rj 


(t) 


dx -\- 
\uk? 


, Ue 

‘-’’It 


|2*-e 


dx 


I dx + — 
a; * A<^ 


1-Tj 


■ dx 




i»>r , ^ 1 


/ IM 

'n |a;|' 


■ dx 


~ ^ (ll 




where lim/c^+oo o(l) = 0. Letting k +cxd, and then A +(X), we get that 


lim / 

k^+°°Jn 




dx. 


I~ I 2* — e 

It then follows that — dx = 1. With the definition of we then get 

that 

< [ {\yue\^ +aeU^e)dx. 

Jn 

With (HTIl . we then get that lim^^+oo 0/c = 0 in iLj Q(n). As a consequence, (Q) 
is attained by Ue- This proves the claim. 


Up to replacing Ue by |Me|, we can assume that Ue > 0. We let 

Ue = jJ.l^aA^)^^^Ue. 

As easily checked, Ue > 0 is also a minimizer for ^ (0). It satisfies 


Altg + aeUe = 


V'{Vl). 


Moreover, it follows from the appendix and standard elliptic theory that Ue G 
C^(n) n C^(n \ {O}). Since Awg > 0 in fl and Ue ^ 0, it follows from the strong 
comparison principle that rtg > 0 in fl. □ 


Step 4.2: For any e G (0, 2* — 2), we let (aj), a as in 11411 and (113. We let jJ-laA^) 
as in Prnnnsition 14.11 We claim that 

= Ps.a(f 2 ). 

Indeed, we let a > 0 and let u G C“(n) \ {0} such that 
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We have that 


/o(|Vup+ ^ + au^) dx ^ ^ ^ 

lim 2 — 2 — Ms,a(^) 

e^O ' ' - ' ' — 


{in '“h» dx'^ (fn 7^ 

Letting e ^ 0 and a ^ 0, we get that 

limsup/x| (r2) < fisA^)- 

e^O 

We now let v € C^A) \ {0}- It follows from Holder’s inequality that 


■ dx 


'n Fl' 


< 


r dx\ 

L |a;| 


■ dx 


'n Fl 


and then 


/j^(|Vnp + av'^) dx 


(/. 


< 


nlS^dx 


f dx \ 2 ’ ( 2 t-e) dec 

In la^l'" 


(/. 


| i ;|2 


Q |a;|® 


■ dx 


/^(a — ae)v'^ dx 


( 18 ) 


Jn [sp 

for e > 0 small. Here, we have used that A + is coercive on 12 for e > 0 
small, which is a consequence of cu and CHI). Taking the infimum, using Holder’s 
inequality and ca, we get that 

Ps.a(II) < (1 + o(l))As,aJ^) (19) 

where limj^o o(l) = 0. The conclusion of Step 4.2 then follows from 11811 and m- 

Step 4.3 : We prove that, when it is nonzero, the weak limit of the Ue’s is a 
minimizer for /is^a(12). This is the object of the following proposition. 


Proposition 4.2. Let LI he a smooth bounded domain of R”, n > 3, such that 
0 G i912. For s G (0,2) and e G (0, 2* — 2), we let Oe, a be as in EF and Eai- For 
any e G (0, 2* — 2), let /j,| (12) and he as in Proposition EH Then there exists 

uq G F[i qA) such that, up to a subsequence, uq weakly in iLj g(12) when 

e —> 0. If uo ^ 0, then lim^^oMe = uo strongly in idj g(12) and uq is a minimizer 
for figAA- In particular, yCsA^) ‘is attained. 

Proof. It is clear from Proposition ld.ll and the hypothesis 11411 and 03 that 


l|We||ff=,,(n) — 0(1) 

when e —> 0. Then there exists uq G Hi q(LI) such that, up to a subsequence. 
Me ^ Mo weakly in idjg(12) when e —> 0. We assume that mq ^ 0. It then follows 
from the definition of fj,s,aA) that 


/q(|VmoP + aul)dx 
(fn ^ ^ 


Testing the weak inequality Ame + OgMe = 
that 


kb 


on Mo and letting e —> 0, we get 


/ (I VmoP + OMg) dx = / — dx. 

Jn ° Jn 
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We then obtain that 


|Uo| 


■ dx > 


Since uq when e —> 0, we get with the definition of Ue in Proposition 14.II and 
Step 4.2 that 


Wo? 


|2*-e 


■ dx < lim inf 


Jn Fr 

Consequently, we get that 


Jo. Fl 


I Wo I 


■ dx = 


/ (\yuor + aui) dx = 

In Jn |2;|' 


■ dx = 


( 20 ) 


Since Ml = /nd^WeP + a^u'^)dx, we get with the definition of in 

Proposition 14.11 that 

= {\Vuo? + aul)dx + / |V(Me - uo)P dx + o(l) (21) 
Jn Jn 

with linij^oo)!) = 0. It follows from H2nil and GU that lime^o We = uq in Hf ^{n). 
As easily checked, in this case, uq is a minimizer for Ms,a(fl)- Cl 

5. Preliminary Blow-Up analysis 

From now on, we let U be a smooth bounded domain of M", n > 3, such that 
0 G We let s G (0, 2). For any e > 0, we let G [0, 2* — 2) such that 

lim pe = 0. (22) 

e^O 

We let a G (7^(fl) and a family (ae)e>o G C^(U) such that (IHll and llTKll hold. For 
any e > 0, we consider G o(^) C C^(U \ {0}) a solution to the system 

(23) 


AUe + a^Ue = 

lie > 0 


in 2I'(0) 
in S2 


for all e > 0. We assume that Ue is of minimal energy type, that is 


| 2 *-Pe 


■ dx = Ms(fl) + o(l) 


(24) 


Jn FI' 

where limc^oo(l) = 0. Note that it follows from 11411 . 11511 . I23II and 12411 that 

l|w£||ii-2,j(n) = 0(1) (25) 

when e —> 0. We also assume that blow-up occurs, that is 

u, ^ 0 (26) 

weakly in when e —> 0. Such a family arises naturally when uq = 0 

in Propositions lO and Ol In the remaining sections, we describe precisely the 
behaviour of the tie’s. We follow the strategy developed in cni. 

It follows from Proposition IX. II of the Appendix that G O^)!!). We let Xe G U 
and Me, A:e > 0 such that 

— ^^-2 \ Pe 

m^xtte = Me(Xe) = Me ^ S-UcI ke '■= Me ^ ■ 


( 27 ) 
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We let yi : —> y a local chart as in itlfH) with xo = 0, where U, V are open 

neighborhoods of 0. For any e > 0 and any x G ^ (1 {xi < 0}, we define the 
maximum rescaling of Ue as follows 




Ue O ipikeX) 
Ue{Xe) 


(28) 


where x ^, are as in m- As easily checked, for any r] G we have that 

r]Ve G i?! q(M" ). In this section, we prove the following proposition: 


Proposition 5.1. Let LI he a smooth bounded domain o/R", n > 3 and s G (0,2). 
Consider (pe)e>o such that G [0,2* — 2) for all e > 0. We consider (ue)e>o £ 
Hf q(Q) such that 03), C3), 0 and P3I) hold. Let Ve be as in fisi) . Then 

there exists v G \ {0} such that for any ij G 

•qVe Tjv in q(IR" ) 
when e —> 0. Moreover, v verifies that 

Av = ^ in VfRf) 

and 

[ jVwp dx =/rs(fl) 2^ =/1 s(R” )^^- 

In addition, there exists 9 G (0,1) such that v G C^’®(]R") and 

Ve ^ V in 

when e —> 0. Moreover, we have that 

lim /if' = 1. (29) 

£^0 


Proof. Steps 5.1 to 5.9 below are devoted to the proof of this Proposition. 


Step 5.1: We claim that 


/i, = o(l) 


(30) 


when e —> 0. We proceed by contradiction and assume that lime^o Me 7^ 0. In this 
case, up to a subsequence, there exists C > 0 such that u,.{x) < C for all x £ D and 
all e > 0. Since hold, it follows from standard elliptic theory (see for instance 
1201) that lime^o Ue = 0 in (^^(n). A contradiction with II24II . This proves (EOJ. 


Step 5.2: We claim that 

\Xe\ = O(fce) 

when e —> 0. We proceed by contradiction and assume that 


lim A— = + 00 . 

e^O ke 


For any e > 0, we let 


fde = \Xe\"^Ue{Xe) = \Xe\‘^ k 


2-s 
^ U 2 


It follows from the definition (ESI) of /3e and El that 


lim fde = 0, lim ^ = +oo and lim = 0 
e^O e^O fcf £^0 \xA 


when e —> 0. 


(31) 

(32) 

(33) 

(34) 
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Case 5.2.1: We assume that there exists p > 0 such that 

d{x^,dVL) ^ ^ 

He - ^ 

for all e > 0. For x S -B 2 p( 0 ) and e > 0, we define 

_ uHXe+ HeX) 

Ve{x) := - — -. 

Ue{Xe) 

Note that this is well defined since x^ + HeX £ for all x £ i? 2 p( 0 ). As easily 
checked, we have that 


y‘^ — 1—Pe 

AUe + HeO-eiXe + HeX)Ve = -^-J 

^ . 7- 

\Xc\ ^ \x^\ 

weakly in i?2p(0). Since II.S4II holds, we have that 

Ave + p'^aeixe + /3eX)Ve = (1 + o{l))vl ~^~P^ 

weakly in i?2p(0), where limg^oo(l) = 0 in C'°oc(-®2p(0))- Since 0 < v^x) < 
^^(O) = 1 for all X £ B 2 p{Q), it follows from standard elliptic theory that there 
exists V £ C'^(-B2p(0)) such that u > 0 and 


Ve ^ V 

^ioci^2p{0j) when e ^ 0. In particular, 

u(0) = limUefO) = 1. 

With a change of variables and the definition (ESI of /?£, we get that 


(35) 


uf ^ _ Ue{Xe)'^* 


n-2 


iJ? -P‘ 


Bp(0) 


Xc lx. 


■ dx 


> 


r72*-Pe 


'Bp(O) 


■ dx. 


I^d \Xe\ 

Using (1^ . ll51) and passing to the limit e ^ 0 (note that ^ > 1 for e > 0 small), 
we get that 


'Sp(O) 


dx = 0 , 


and then u = 0 in i?p(0). A contradiction with 13511 . Then I32II does not hold. This 
proves that m holds in Case 5.2.1. 


Case 5.2.2: We assume that, up to a subsequence, 


lim 

e^O 


d{Xt,dC.) 

Je 


= 0 . 


(36) 


In this case. 


lim cce = ccn £ do,. 
e^O 


Since xq £ we let (p : C/ ^ U as in where U, V are open neighborhoods of 
0 and xo respectively. We let Ue = o ip, which is defined on 17 fl {xi < 0}. For 
any i,j = 1, ...,n, we let gij = {di(p,djip), where (•, •) denotes the Euclidean scalar 
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product on R", and we consider g as a metric on R”. We let Ag = —diVg{V) the 
Laplace-Beltrami operator with respect to the metric g. In our basis, we have that 


where = {g ^)ij are the coordinates of the inverse of the tensor g and the 
are the Christoffel symbols of the metric g. As easily checked, we have that 


Aghe + Oe o (p{x) ■ Ue = 


u 


2*-l-pe 


\ipix)\^ 

weakly in 17 n {xi < 0}. We let £ dil. such that 

|Ze — Xe\ = d{Xe, dQ). 

We let Xe,Ze G U such that 

ip(Xe) = Xe and V?(-2e) = Ze- 
It follows from the properties ca of (/? that 


limie = lim = 0 , (ie)i < 0 and (ze)i = 0 . 

e^O e^O 


(37) 

(38) 

(39) 


At last, we let 


,(x) := 


e{Ze + PeX) 
UeiXe) 


for all X G ^ njcci < 0}. With ll^ . we get that is defined on i3i{(0)n{a;i < 0 } 
for all i? > 0, as soon as e is small enough. The function he verifies 


Ag^he + /3e «£ O ^(Ze + PeX)Ve = 


r,2*-l-Pe 


\x,\ 


weakly in i7_R(0) fl {si < 0}. In this expression, g^ = g{ze + (i^x) and Ag^ is the 
Laplace-Beltrami operator with respect to the metric With l| 2 a, ll^ and (TTHll . 
we get that 

ip{Ze + PeX) = Xe + OR(l)/3e, 

for all X G Bji(O) fl {xi < 0} and all e > 0, where there exists Cji > 0 such that 
|Or( 1)| < C'fi for all x G 77^(0) n {xi < 0}. With ||23J, we then get that 

ii„h<£i±^ = i 


in C^{Bii{0) n {a;i < 0}). It then follows that 




-I- /3e Oe O y)(5e d" PeX)Ve = (1 + o(I))' 




weakly in 77^(0) D {a;i < 0}, where lirng^o o(l) = 0 in C°(77/i(0) ft {a;i < 0}). Since 
he vanishes on Bii{0) n {xi = 0} (in the sense of the trace) and that 0 < he < I, 
it follows from standard elliptic theory that there exists h G (77^(0) D {xi < 0}) 
such that 

lim he = h 
£^0 

in C°(77 b( 0) n {xi < 0}). In particular, 

h = 0 on Br (0) n {cci = 0}. 


(40) 
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Moreover, it follows from 123 and (P|l that 

V, (= 1 and lim = 0 . 

In particular, -5(0) = 1. A contradiction with (14011 . Then (i:-{2ll does not hold. This 
proves m in Case 5.2.2. 

In both cases, we have obtained that 123 holds. This concludes Step 5.2. 

A consequence of (Tmi is that limj^o = 0 G dV,. We let ip : U ^ V as in ([TT)ll be 
a local chart of dfl with xq = 0 (in other words, (/^(O) = 0), where U,V are open 
neighborhoods of 0. We write 

Xe = (p{xi^e,Z^), 

where xi^e < 0 and Zg G are such that (a;i,e, z^) G U. 

Step 5.3: We claim that 

d{Xf_, dfl) = (1 + o(l))|a;i,e| = 0{ke) and Zg = 0{k^), (41) 

when e —> 0. Indeed, with m, we get that 

d{xe,dfl) < |xe| = 0{kf^) (42) 


when e —> 0. We first remark that 

d{xe,dn) < d{xe,(p{0,z^)) = |a;i,e|. 

We let Oe G span(e 2 ,..., e„) and W = (p{0, a^) G dVl such that d{X(_, cAI) = \xe — Yf_\. 
Since d{xe,dil.) < |a;i_e|, we get that 

Ze-ae = 0(|a;i,e|), 

when e —> 0. Since V(po(0) = 0 (where (po is as in ([TT)ll l. we get that 
PoiZe) = Poiae) + 0{\Ze - 0^1) = Poitte) + o{\xi^e\) 
when e —> 0. Moreover, 

d{xe,dn) = Ixg —Wl 

= \{xi^e +Po{z^) - Po{ae),z^-ae)\ 

= |(xi,e + o(|a;i,e|), Zj - ae)| < Ixpel 

when e —> 0. It then follows that z^ — = o(|a;i,e|) and d{xe, dfl) = (1 + o(l))|a;i,e| 

when e —> 0. This last result, 123 and lO prove 63. 

Step 5.4: We let 

Ae := —> 0 and 8^ := (43) 

It follows from 63 that there exist Aq > 0 and Oq G R" ^ such that 


lim Ae = An and lim 9^ = On. 
£^0 £^0 


For any e > 0 and any x G f] {xi < 0}, we let (as in (I28ll l 


,{x) := 


Ue O p{keX) 
Ue{Xe) 


(44) 


(45) 


where p : U —> M is defined in itTHIl (with xq = 0 ) and ke,Xe are as in (ETIl . As 
easily checked, for any ij G (^“(R”), we have that 

r,v. G 
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for all e > 0. We go on in the proof of Proposition 15.II 


Step 5.5: We claim that for any t] £ there exists £ i/f o(]R") such 

that, up to a subsequence, 


r]Ve 

weakly in q(K”). Indeed, as easily checked, we have that 


k 

V{t]v^)[x) = VeVr] H-jAwiy ■ D(^k,xMi'^Ue)i(fi{k^x))], 

for all e > 0 and all x £ K”. In this expression, D^(p is the differential of the 
function ip at x. It is standard that for any a > 0, there exists Ca > 0 such that 

{x + yf < CaX^ + {l + a)-y^ 


for all x,y > 0. With this inequality, we get that 

f |V(? 7 i;<;)p dx < Ca f \\7ri\^v'^ dx 

dRy JRy 

r ^2 

+ (l + a) / 7]'^ ■ \D(^k,^)ip[(yu,){ip{hx))]\'^ dx. 

JR" Ue(Xe) 


Since Doip = /dR", we get that with Holder’s inequality and a change of variables 
that 



\y{r]Ve)\'^ dx <Ca [ 

JR'- 


+ (1 + Of) ■ (1 + 0{k^)) f 

jR" 


iVrypUg dx 

^2 ■ Nue\^{<f{kex))dx 
Ue{Xe)^ 


<C4Vy\\l-\\v4\l^ 


Ln-2 (SUPP Vt]) 


+ (I + a)-(I + 0(fc,))-/r?^ f \Vu,fdx 

Jo. 


(46) 


With another change of variables, we get that 

f (n-2)pe 

/ \V{yv,)\^dx<C^-pi7^ l|Vr?||M|u,f ^ 

+{l + a) ■ {I + 0{k,)) ■ [ \\7u,fdx. (47) 

Jn 

With 12511 . Sobolev’s inequality and since pf' < I for all e > 0 small enough, we 
get with that 

lld^^£||j/=_„(R:^) = 0 ( 1 ) 

when e —> 0. It then follows that there exists Vr^ £ idf o(®^-) such that, up to a 
subsequence, yve Vrj weakly in q(R" ) when e ^ 0. This concludes Step 5.5. 


Step 5.6: We claim that there exists v £ idf q(R") such that for any ij £ C')?°(R"'), 
we have that, up to a subsequence, 


yve rjv 

weakly in id^g(K”) when e ^ 0. Indeed, we let rji £ C))°(M") such that 771 = 1 
in i3i(0) and 771 = 0 in R" \ 732 ( 0 ). For any i? > 0, we let 77 _r(x) = ??i(^) for all 
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X G R". With a diagonal argument, we can assume that, up to a subsequence, for 
any i? > 0, there exists vr G Hi Q{W!i) such that 


rjRVe Vr 


weakly in i/Jg(]R”) when e ^ 0, and that {r]RVe){x) vr{x) when e —> 0 for a.e. 
X G R". Letting e —> 0 in 63, with i|23, Sobolev’s inequality and since ij,P‘ < 1 
for all e > 0 small enough, we get that there exists a constant C > 0 independant 
of R such that 



iVuflp dx < ail V77fl||2 .C+{l + a)-C 


for all R > 0. Since ||V77fi||^ = ||V? 7 i||^ for all i? > 0, we get that there exists 
C > 0 independant of R such that 



|Vz)/ip dx < C 


for all i? > 0. It then follows that there exists v G 7 Ljq(R") such that vr ^ v 
weakly in iLjQ(R”) when R +oo and vr{x) v{x) when R +oo for a.e. 
X G R". As easily checked, we then obtain that Vrj = rjv (we omit the proof of this 
fact. It is straightforward). This ends Step 5.6. 


Step 5.7: We claim that 

V ^ 0. 

Indeed, we let R> 0. We proceed as in Case 5.2.2 of the proof of m in Step 5.2, 
for any i,j = l,...,n, we let {ge)ij = {diip{kex),dj(p{k^x)), where (•, •) denotes the 
Euclidean scalar product on R”. We consider as a metric on R”. We let 

= -9l^ (% - , 


where := {g'^^)ij are the coordinates of the inverse of the tensor and the 
rfj(5e)’s are the Christoffel symbols of the metric g^- With a change of variable 
and the definition 63), equation 63 rewrites as 


^gAVR'Ve) + fcefle O (p{k^x)riRVe 


iVRVe)"^* ^ 

/I \ '5 



ifiikex) 

S 


fee 



in V'{BRi0)n{xi<0}) 


(48) 


for all e > 0. With 63, and since s G (0, 2), we get that 0 < Ue < 1 and that 
there exists p > § such that the RHS of 63 is bounded in when e ^ 0. It then 
follows from standard elliptic theory that there exists a > 0 such that 


||?7flZ)e||co.o,(BH/2(0)n{xi<0}) = 0(1) 

when e —> 0. It then follows from Ascoli’s theorem that for any a' G (0, a), 
Vr G (7°’“ {Br/2{0) n {xi < 0}) and that, up to a subsequence, 

lim gRVe = Vr in (7°’“ (5/^/4(0) n {xi < 0}) (49) 

e^O 

With ll^ and 63, we have that {r]RVe){—\e, 0^) = 1 for all e > 0 and R> 0 large 
enough. Passing to the limit e ^ 0 in this last equality, using 63 and 63, we get 
that 


vr{—Xo,(^o, 0 ) = 1 
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for i? > 0 large enough. With the same type of arguments, we get that v G 
< 0}) and that lim/j^+oo = v in < 0}). Since rjfiv = v^, we 

get that v{—Xo,6q) = 1. In particular, v ^0 and Aq > 0. This ends Step 5.7. 

Step 5.8: We claim that there exists 9 G (0, 1) such that v G ) and 

in (K") 

when e —> 0. Indeed, it follows from Step 5.7 that there exists a > 0 such that for 
all i? > 0, there exists C{R) > 0 such that 

lke||co>“(BB( 0 )n{xi< 0 }) < C{R). 

Following the proof of ProDOsition l8.ll we let 
ao := sup{a G (0,1)/Vi? > 0, 3C{R) > 0 s.t. ||iie||co.“(BB(o)n{a:i<o}) < C'(i?)}. 
We let a G (0, ao) and i? > 0. We let R> R. There exists C{R) > 0 such that 

lke||c«>“(BB(0)n{a;i<0}) < C (R). (50) 

Since zig = 0 on 9R", we get with (CTl that 


l'Ue(a:)| = |i;e(a:) - v^ix - (a;i,0))| < C{R)\xi\°‘ (51) 


for all Bj^{0) n {xi < 0} and all e > 0. It then follows from the properties of (p (see 
m with xq = 0) that 


0 < fe{x) 


(jlVef* ^ ^ C 

S ^ ^ 



ip(k^x) 

S 


ke 



for all e > 0 and all x G i?^(0) fl {xi < 0}. With the properties ifT^ . we get that 
for any i? > 0 and any p > 1, we have that 



(o)n{xi <0} 


dx 


ip(k^x) 

V 

ke 



< C 


f dx 

\x\P 


for all e > 0 (note that the RHS can be infinite). Using the same strategy as in the 
proof of ProDOsition l8.ll we get that there exists 9 G (0,1) such that v G ) 

and 

Ue ^ -y in (^/^^(K") 

when e —> 0. We omit the proof and refer to the proof of Proposition [Q for the 
details. This ends Step 5.8. 


Step 5.9: We claim that 


,, 2-1 


Av = 


in T>'(R”) 


(52) 


and that 


IVupdx = Ps,a(fl)2*-2 =P,(K")2*-2. 


Indeed, passing to the weak limit e —> 0 and then to the weak limit R —> +00 in 
(gHI), we get that 


Av = 


in 
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Testing this equality with v S lf 2 .o(®-) \ {0} and using the optimal Hardy-Sobolev 
inequality we get that 



/r" IVupdx 

(Ir- W ^ 


> M.(K-)- 


We then obtain that 



\Vvfdx > 


2 * 

2 * -2 _ 


(53) 


(54) 


Since 0 < iig < 1, it follows from Lebesgue’s theorem that Ve —f v strongly in 

2n 

^loc^ (M" n {xi < 0}) when e —> 0. Passing to the weak limit in (BHll and using 
(1^ . we get that 



Vviil'^dx 


< 


cJVvrWI-WvWI^ 


Wll 2n 

T"-2(S2R(0)\Sii(0)) 


+ (1 + a) ■ (lini/i, 


Pejn 

2 * - 




(55) 


for all R > 0. Since v S it follows from Sobolev’s theorem that v £ 

/,7rr2(]R"). Since ||Vr 7 _R||^ = ||V? 7 i||^ is independant of i? > 0 and v £ 
letting i? —> +00 in ijsnii, we get that 


iVup dx < (1 + a) 


(lim 11 , 
£^0 


>e(n-2) 
2*-2 




(56) 


Since a > 0 is arbitrary and /i^ < 1, we get with (EH), EH), Proposition IQ and 
(1^ that 


|Vu|^ dx = fisAA^^ = Ms(R-)' 


and that 

lim /i?' = 1. 

£^0 

This ends Step 5.9. Pror)osition l5.1l then follows from Steps 5.1 to 5.9. □ 


Step 5.10: We claim that under the hypothesis of Proposition 15.II we have that 


lim lim 


,2*-Pe 


■dx = 0. 


-^^+0° £^0 7n\BBfc^(0) Fl 
Indeed, we let R> 0. Since Doip = IdRr, and (/?(0) = 0, we have that 


(57) 


V (-Sf fc,(o)) c BruA^) 
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for all i? > 0 and e > 0 small enough. With a change of variable and (1^ . we get 
that 




Ft 


■ dx < 




,2*-p. 


< 


■ dx — 


n\(p( (0) 

„,2* -pc 


■ dx 


In Fl 


'v=[ Br^JO) 


■ dx 


(n —2)'^ p 

^ + o(l) — /Te ~ ^ (l+o(l)) / 

JE 


1,2* Pe 


■ dx. 


Br(o) fI 

T 


when e —> 0. Letting e —> 0 and then R +oo, we get with (1^ and Proposition 
Ib.ll that 


lim lim 


,2*-p. 


■ dx < fj,s — lim / -T—^-dx 

Jn \ BjikAo ) 1^1* ’ Fr 


^ ^ / I ig dx — 0 


This last inequality yields 113. 


6. Refined Blow-Up analysis and strong pointwise estimates 

The objective of this section is the proof of the following strong pointwise esti¬ 
mate 


Proposition 6.1. Let Vi he a smooth bounded domain of M", n > 3. We let 
s £ (0,2). We let (j)e)e>o such that pe G [0,2* — 2) for all e > 0 and itgill) holds. 
We consider (ue)e>o £ Hi q(LI) such that kl5\) . k2ti\) . \24{ and k2fXl hold. We 

let pe o,s in Then, there exists C > 0 such that 

n-2 

for all e > 0 and all x G Ll. 

This type of strong pointwise estimate first appeared in ED in the Euclidean 
context, and in m in the Riemannian context. General estimates are in cni- 


Proof. The rest of the section is mainly devoted to the proof of the proposition. 
Here again, we follows the strategy of cni. We let {ue)i>o satisfying the hypothesis 
of Proposition l6.ll 


Step 6.1: We claim that there exists C > 0 such that 

|a;|^ Ue{xy~^^ < C 

for all e > 0 and all x gLI. 

We proceed by contradiction and let gLI such that 

= sup|a;|^u,(ai)^“^ 


-\-oo 


when e ^ 0. We let 


Ve := Ue{ye) and '■= v, 


1-, 


(59) 


(60) 


(61) 
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for all e > 0. It follows from p1|l and inu that 

\v I 

lim 1/^ = 0 and lim = +oo. 
£^0 e^o 4 


It follows from (123) and 1221) that 


lim = 1. 

e^O 


We let 

for all e > 0. It follows from 123 that 

lim = 0. 

<=^0 \ye\ 

Case 6.1.1: We assume that, up to a subsequence, there exists p > 0 such that 

d{ye,dn) 


(62) 

(63) 

(64) 

(65) 


> 3p 

7e 

for all e > 0. For any x G B2p(0) and any e > 0, we let 

n-2 

We{x) := UeiUe + 'feX). 

Note that W(_ is well defined thanks to 1221) ■ With (IHHIl and lIMll . we get that 


( 66 ) 

(67) 


ye , le 


We{xy 2 ^ < 1 , 


\ye\ \ye\ 

In particular, with 123, there exists Co > 0 such that 

0 < We{x) < Cq 

for all X G B2p{0) and all e > 0. With (1^ . we get that 


( 68 ) 


AWe + 7e «e(j/e + leX)We = 


W, 


2*-l-Pe 


Ve 1 7e ^ 

|ye| + |yel^ 


for all X G i?2p(0) and all e > 0. Since (IH^ and (IHHll hold, it follows from standard 
elliptic theory that there exists w G C^(-B2p(0)) such that w > 0 and 

lim We = w (69) 

C';qc(-®2p( 0))- If follows from lIHTIl that w{0) = I. With a change of variable, we 
get that 

r Ue{x)‘^*~P‘ ^ 7,"Me(2/e)^*"^' 

Jb„av.) 


We{xY* 


•7Sp(0) 

With 123,123, lli^ and 123, we then get that 

- = (1+0(1))- (M 


\ye\ \ye\ 


■ dx. (70) 


(n-2) 


-foo 


12/ch 

when e —> 0. With iTTnil . (IHIHl and (1^ . we get that 

/ dx = 0, 

Jb,(o) 

and then ic = 0. A contradiction since ry(0) = 1. This ends Case 6.1.1. 
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Case 6.1.2: We assume that 


lim 4^ = 0^ 

£^0 7e 


(71) 


It then follows that there exists yo G dfl such that 

lim ye = yo. 
e^O 

Since yo G dfl, which is smooth, we let (/J : ?7 —> 17 as in m with xo = yo and 
where U, V are open neighborhoods of 0 and yo respectively. We let o 

which is defined on t/ n {xi < 0}. For any i,j = 1, ...,n, we let gij = {diLp,djip), 
where (•,•) denotes the Euclidean scalar product on R”, and we consider g as a 
metric on R". We let Ag = —diVg{V) the Laplace-Beltrami operator with respect 
to the metric g. In the basis we choose, 

A, = -g^^ (% - r^^dk) , 

where g*-! = {g~^)ij are the coordinates of the inverse of the tensor g and the F^^-’s 
are the Christoffel symbols of the metric g. As easily checked, we have that 




+ 0^0 (p{x) ■ Ue = 


-2*-l-p, 


weakly in 17 n {a:i < 0}. We let G Oil such that 

\Ze - ye\ = d{ye,dil). 

We let ye,z^ G U such that 

‘Piiie) = Ve and (p{z^) = z^. 
It follows from the properties of (p that 


lim Ue = lim Ze = 0, (ue)! < 0 and (zAi = 0. 


(72) 

(73) 

(74) 


At last, we let 


,(x) := 


UejZe +-/ex) 
UeiVe) 


for all X G < 0}. With (17^ . we get that We is defined on i3H(0)n{xi < 0} 

for all i? > 0, as soon as e is small enough. The function liig verihes 


O p{Se + 'yeX)We = 


W, 


2*-l-Pe 


y(ze+7g3:) 

\Ve\ 


weakly in Bii[0) n {xi < 0}. In this expression, g^ = g{ze + jex) and Ag^ is the 
Laplace-Beltrami operator with respect to the metric g^. With ini), ns and G3, 
we get that 

p(ze + = ye + Ofi(l)7£, 

for all X G Bji(O) fl {xi < 0} and all e > 0, where there exists Cji > 0 such that 
|Or(1)| < Cfi for all x G Bji(O) fl {xi < 0}. With llH?)ll . we then get that 

\p{z^ +"ieX)' 


lim 

e^O 


\Ve 


= 1 


in C'°(i?ij(0) n {xi < 0}). It then follows that 


+ 7e ^ + leX)We = (1 + o{l))w^ 
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weakly in Bji(O) fl {a;i < 0}, where linie^o o(l) = 0 in C°(i?R(0) n {a;i < 0}). Since 
We vanishes on Bji(O) fl {xi = 0} (in the sense of the trace) and that 0 < zhe < 2 
(see for instance the proof of ra i. it follows from standard elliptic theory that 
there exists w G n {xi < 0}) such that 

lim We = w 

e^O 

in C°(i?R (0) n {xi < 0}). In particular, 

w = 0 on Br (0) n {a;i = 0}. (75) 

Moreover, it follows from f7T|i. ^ and (ESI) that 

^Uland lim^i^ = 0. 

7e / <=^0 -fe 

In particular, t(;(0) = 1. A contradiction with II75II . This ends Case 6.1.2. 

In both cases, we have contradicted (CT . This proves (1^ and ends Step 6.1. 

As a remark, it follows from ESI), ESI, ESI and standard elliptic theory that 

liinu, = 0 in Cl^{n \ {0}). (76) 

e^O 

Step 6.2 : This step is a slight improvement of ESI- We claim that 



lim lim sup \x\ ^ Ue{xY 2*-2 = Q. 
xm\BRk,(0) 


(77) 


We proceed by contradiction and assume that there exists eo > 0 and a family 
{ye)e>0 S fl such that 


lUeY^^ UeiueY > cq and lim = + 00 . 

ke 


(78) 


We let 

2 1 — 

Ve := Ue{ye)~^ and 7 ^ := Ve ^ (79) 

for all e > 0. It follows from (17^ . ESI), itTSl) and ESI) that there exists po G K such 
that 


\yA 

lim Ve = 0 , lim t'p = 0 and lim —— = pn > 0 . 


Note that it follows from m and ESI that 


limi/f' = 1 . 

e^O 


(80) 


(81) 


We let (p : 17 —> y as in EH) with cco = 0 and where U, V are open neighborhoods 
of 0. For any x G D {xi < 0}, we let 

n-2 

We{x) := Ve'^ UeO ip{'JeX). (82) 

It follows from (ESI and the properties llTCll of (fi that there exists C > 0 such that 


/ \i- 


(xy-^ < c 


(83) 


for all X G ^ n {xi < 0} and all e > 0. As above, we let the metric {ge)ij = 
{diip,djip){'^ex) for i,j = l,...,n. With (1^ . we get that 


Ag^We + JeO'e O ip{"/eX)We = 


W 




Vilex) 

le 


(84) 
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in n {xi < 0} for all e > 0. Moreover, We vanishes on n {xi = 0}. It then 
follows from (IH 3 , IHII) and standard elliptic theory (see for instance EOl) that there 
exists w € C°(]R" n {xi = 0}) \ {0}) such that w > 0 and 

lim We = w 

in n {xi = 0}) \ {0}). We now write ye = (fijeVe)- It follows from (IHHll that 

limj^o = 2/0 0- As a consequence, 

wijjo) = lim = 1, 

e—»-0 

and then W ^ 0. We let 0 < (5 < i?. With a change of variable, we have that 


lim 

e^O 


Ue{x) 


2*-p. 


■ dx = 


f w{x)‘^* 

Ibr(0)\Bs(0) 


■ dx. 


JcpiBR^^iO))\viBs-,AO)) 

With (ITHll . we get that for any p > 0, we have that 

Bpke (0) n (0)) \ (0))) = 0 

for all e > 0 small enough, up to a subsequence. It then follows from that 
/■ Ue(x)'^*~P‘ 


(85) 


lim / 

^^0 Jv^iBR^^iO))\<p(Bs^AO)) 


■ dx = 0. 


This equality and yield 


w 


-dx = 0 
Jbr(o)\Bs{o} | a ^|® 

for all i? > (5 > 0. We then get that uJ = 0. A contradiction since w(2/o) = 1- This 
ends Step 6.2. 

Step 6.3 : We prove a first approximation of (1^ . More precisely, we claim that 
for any a e (0, n — 2), there exists Cq, > 0 such that 

1x1° yP “Me(x) < Ca (86) 

for all e > 0 and all x £ V,. Indeed, since A + a is coercive on 11 and (ae)e>o satisfies 
da and 11511 . there exists Uq an open subset of M” such that fl CC Uq, there exists 
ao > 0 and there exists A > 0 such that 


/ (|V(p|^ + {ue — 2Qfo)v^^) dx > X dx 

Juo JUo 


(87) 


for all (fi £ CpUo) and all e > 0. In other words, the family of the operators 
A + Ue — ao is uniformly coercive in a neighborhood of ft. We let Ge £ C‘^{UoxUo\ 
{{x,x)/x £ Uq}) be the Green’s function for A + — ao with Dirichlet condition 

in Uq. In other words, Ge satisfies 

AGeix,-) + {ae - ao)Geix,-) = da: ( 88 ) 

weakly in 2A(t/). It is standard that Ge exists and, since 0 £ U, that there exists 
C > 0 such that 

0 < G,(0,x) < C-|xp-" (89) 

for all e > 0 and all x G [/ \ {0}. More precisely, there exists i5o > 0 and Go > 0 
such that 

\\7n in r.. 

(90) 


a(0,x) > Go • |xp-” and ^ 

X X 
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for all e > 0 and all x G Bs^(O) \ {0}. We let the operator 


U = A 


X-2-Pe 


We claim that there exist r'o G (0,1) and i?i > 0 such that for any G (0, r'o) and 
any R > Ri, we have that 

L,Gl-' > 0 (91) 

for all X S n \ (0) and for all e > 0 sufficiently small. Indeed, we let i/q £ (0,1) 

such that for any v G (0, vq), we have that 


v ■ {ae{x) - ao) > -^CKQ 


for all e > 0 and all x £ With (IHH|l . we get that 




i-jy 


G. 


= ao + v ■ (ae(x) - ao) + ■ {I - v) 


|VG,|% , u,(x)2*-2-P^ 

-5F— 


(92) 


(93) 


for all X £ n \ {0} and all e > 0. It follows from the pointwise estimate 17711 that 
there exists i?i > 0 such that for any R > Ri, we have that 


|xp ®Me(x) 


2*-2-pe 


< - v)Cl 


(94) 


for all e > 0 and all x £ If \ BukA^)- Here, Go > 0 is as in (PUHl . We are now in 
position to prove iPITll . We let v G (0, vo) and R> Ri. We first let x £ H such that 
|x| > i5o. It follows from and that 

L^Gl~’' ao Ueix)'^* 

Gi-. (^) >2 

for all e > 0. Inequality m then follows with this inequality and This proves 
m when |x| > do- 

We let X £ Bsg{0) \ Brj-X^)- It follows from ll!inil and (IMIl that 

’'2 . n _ ,,\ . /^2 

> 0 . 


LeG, 




ao , ly ■ (1 - ly) - Go v ■ {I - v) ■ G^ 


Ge~'' ' ' “ 2 ' \x\2 2 ■ |x|2 

This proves ED when X £ Bsa{Q) \ BRfe^(O). Clearly these two assertions prove 
inequality EB). 

We let R < Ri and ly G (0, t'o). We claim that there exists G(R) > 0 such that 


(g(R)m' 




G,(0,-)^-") infi\BjikA0) 


(95) 


G(R)u^ ^^G,(0,-)^“'^ 


> Uc 


on dfl \ B/ikjO)) 

Indeed, the first inequality is trivial since L^Uc = 0 and EB holds. Concerning the 
second inequality, we get with the dehnition EB of /ie, the limit ED and ED that 

_. \rj.\{n-2){l-u) 

< 2 • Gq-'' ■ i?("-2)(i-C .= C(R) 
for all X £ H n OBru^ (0). The inequalities are proved. 












26 


N. GHOUSSOUB AND F. ROBERT 


Since Ge(0,x)^ > 0 in H dBiik^{0) and L^GeiO,x)^ > 0 in Ci dBuk^iO), it 

follows from | 2 ] that Lg verifies the comparison principle. It then follows from TO 
that 

ue{x) < 

for all a; G n \ Buk^^O). With (1^ . we get that there exists C'{R) > 0 such that 

Ue{x) < 

for all X G fl \ BfikA^)- Up to taking C'{R) larger, it follows from (ITTIl that this 
inequality holds on the whole set fl. Taking a = (n — 2) • (1 — 12), we get (I8till for a 
close to n — 2. As easily checked, this implies the inequality for all a G (0,n — 2). 
This ends the proof of iTOl . 

Step 6.4: We are in position to prove Prnnosition id.l I For all e > 0, we let G 
such that 

max|x|”“^Me(Xe)u£(x) = \yeA~^uAXe)Ueiye)- 
Clearly, Proposition is equivalent to proving that 

\yeA~‘^uAxe)uAye) = 0 ( 1 ) ( 96 ) 


when e 


0 . 


Case 6.4-1: We assume that 


\y^\ = 0{kA 

when e —> 0. We then get with (EH) that 

\y^A~'^uAXe)uAye) = 0 ( 1 ). 

when e —> 0. This proves in Case 6.4.1. 


Case 6.4-2: We assume that 


\ye 


lim h— = +00. 
e^O ke 


(97) 


As in the beginning of Step 6 . 3 , we choose Uq such that fl CC Uq such that A + Oe 
is coercive on Uq. We let be the Green’s function for A + Ce on Uq with Dirichlet 
boundary condition. It follows from Green’s representation formula and standard 
estimates on the Green’s function that 


,(x) < / HAx,y) 


Ue{y) 


2*-i-Pe 


\y\" 


■dy<C \x-y\ 


2-n My) 


2*-l-p, 


\y\" 


■ dy (98) 


for all X G fl. We let 

n-2 

vAx) = Ue{keX) 

for all X G k~^ft and all e > 0. It follows from Proposition 10 and TO that for 
any a G (0, n — 2), there exists Ca > 0 such that 


Ga 


De(x) < 


1 + |x|“ 


(99) 
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for all a; G fcg and all e > 0. It follows from P|l and a change of variable that 


Me " UeiVe) ^ C' / \y,-k,yf 

J/cr^n \y\ 


< C 

+c 




■ dx 


1 


^e(2/) 


2*-l-p, 


fer'nn{|y,-fcey|>^} Ij/e - *£2/1” ^ I 2 /I 

1 


■ dx 


Ve{yf ^ 


/fcr'nn{|y,-fe,y|<i^} Ii/e - *e 2 /|” ^ \y\ 

We estimate the two integrals of the RHS separately. With ra . we get that 

f 1 Ue(2/)^*“^"^' 


4100 ) 


tr'On{|ye-/c.y|>^} IMe - *e 2/|" ^ Iz/I* 


■ dx 


<C-\y,\^- [ 

JkT^S 


1 


■ dy 


Ikz^n \y\^{i + \y\^<^*-^-p^'>) 

<C-|2/Ep-" (101) 

for all e > 0 small and a close enough to n — 2. On the other hand, with , we 
get that 

ieiy?*-^-P‘ 


f _^_ 

fcr'nn{|ye-fc.y|<i^} IdE - *e2/|” ^ \y\" 

1 1 


dx 


< c 


lkr^Qn{\y,-k,y\<l^} \ye- key\^ ^ |2/|“(2' ^ + ' 


dx 


< 


c-K 


t{2* -l-pg)+s 


|^^|„(2*-i-p,)+s ly^-hyl'^ 


■ dy 


< 




|y^|«( 2 *-l-Pe)+s \k^ 


<C\y, 


\2—n 


I 2/e 


(2* —l—pe.)ct-\-s — r. 


Since limQ ,^„_2 limc^o(2* — 1 — Pe)a + s — n = 2 — s>0, we get with (19711 and a 
close enough to n — 2 that 


1 




dx = o(|yeP ”) , (102) 


JkZ^nn{\y.-k,y\>^} \ye-key\^ 2 \y\s 

when e ^ 0. Plugging together itTUTl) and (ITITa into itTunii . we get that 

n7~Ueiye) = O (I/ZeI^"”) 
when e —> 0. This proves that holds in Case 6.4.2. 


In both cases, we have proved that holds. As easily checked, itSSl) and then 
ProDOsition Kl.ll follow from (I96II and (12711 . This ends Step 6.4, and therefore proves 
ProDOsition l6.ll □ 


Step 6.5: From Proposition 16.11 we can derive pointwise estimates for Ve- This is 
the object of the following proposition 
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Proposition 6.2. Assume that the hypothesis of Proposition\^^are satisfied. Then 
there exists C > 0 such that 


Ve{x) < 


C 


(1 


and |Vt!e|(a:) < 


C 


(1+|X|2)^ 


for all e > 0 and all x G ^ (1 {xi < 0}, where was defined in i45^ and U is as 
in UB with xo = 0. 


Proof. The first inequality of the proposition is an immediate consequence of the 
estimate (EHl) and the definition ( 1 ^ of Ve. Concerning the second inequality, we 
proceed by contradiction and assume that there exists a family (?/e)e>o such that 
ye for all e ^ 0 and such that 


lim 

£^0 




= +00. 


(103) 


Case 6.5.1: we assume that j/e 7 ^ 0 when e ^ 0. It follows from the pointwise 
estimate (EHl that for any (5 > 0, there exists C{5) > 0 such that 

Ue(x) < C{S)fJ.e ^ 


for all a: G n \ Bs{xo) and all e > 0. We then get that 




in P'(n \ Bs{xq)). It then follows from standard elliptic theory that 


ll^e ^ “e|lc2(n\B3a(rco)) “ (104) 

when e ^ 0. Since ye -/-* 0, there exists 5 > 0 such that, up to a subsequence, 

_____ n-2 

j/e| > 4(5 for e > 0. It follows from (tTM that Vue^'pijje)) = 0{fj,e ^ ) when e ^ 0 . 
A contradiction with (ITTIHll . This proves the Proposition in Case 6.5.1. 


Case 6.5.2: We assume that 

lim We = 0 and lim = +cx). (105) 

e^O ke 

We let (fi as in m with xo = 0 and define 

\y 

heix) := Ue O y}{\ye\x) 

ke^ 

for all X G 1 ^ n {xi < 0}. It follows from llKHll and ll^ that there exists C > 0 
such that 

he{x) < C ■ \x\’^~'^ (106) 

for all X G n {xi < 0}, a; 7 ^ 0. We let 

= 9^ {d.j - ^U9^)dk) , 

the Laplace-Beltrami operator for the metric {ge)ij = (di^p, djip){kex). In this 
expression, the gl^ = {gf^)ij are the coordinates of the inverse of the tensor ge and 
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the are the Christoffel symbols associated to the metric ge- After a change 

of variables, (PI rewrites as 


2-s-pe(n-2) ^2*-l-p^ 

\vA 

in V ("I {xi < 0}^ Since ll^ . 110511 and llOtill hold and since s € (0, 2), there 
exists p > f such that 

+ \y^\'^ae{(p{\ye\x))h^ = fe in V n {xi < 

where fe £ I”' A 0} \ {0}) uniformly wrt e ^ 0. 

in {xi = 0} and llOOII holds, it follows from standard elliptic 
exists for any > i52 > 0, there exists C{ 61 , 82 ) > 0 such that 

ll^e||ci((-B6i(0)\-B52(0))n{a:i<0}) < C {61,62) 



Since he = 0 on 
theory that there 




\ye\‘^ae{(p{\ye\x))he = ke 


for all e > 0. It then follows that 



when e ^ 0. Coming back to the definitions of he and Ve, we get a contradiction 
with itTUH . This proves the Proposition in Case 6.5.2. 


Case 6.5.3: We assume that 

\ye\ = 0{ke) 

when e —> 0. In this case, It follows from Proposition 15.II that Vve = 0(1) 

when e ^ 0. We get a contradiction with This proves the Proposition in 

Case 3. 


In all the cases, we have contradicted (Unsi- This proves Proposition 16.21 □ 


Corollary 6.1. Let {ue)e>o o,s in the hypothesis of Provo.sition Un\ Then there 
exists H G C^{fl\ {0}) such that 

Ue{xe)ue ^ H in CI^^{VL \ {0}) 


when e —> 0. 

Proof. We let He{x) := Ue{xe)ue{x) for all a: £ II and all e > 0. It follows from 
Proposition lO that for any open subset U such that U C ft \ {0}, there exists 
C{U) > 0 such that \He{x)\ < C{U) for dl\ x G U and all e > 0. Equation ll^ 
rewrites as 

AHe+aeHe = Ue{Xe)^+P^-^* 

in LI. The conclusion of the Corollary is then a consequence of standard elliptic 
theory. □ 
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7. POHOZAEV IDENTITY AND PROOF OF THE THEOREMS 
In this section, we prove the following estimate: 

Proposition 7.1. Let fl be a smooth bounded domain of R”, n > 4. We let 
s S (0,2). We let {pe)e>o such that Pe € [0,2* — 2) for all e > 0 and 1^) holds. 
We consider (ue)e>o S such that \14^ , 11.51) . 1111,51) . and i2fA) hold. We 

let as in 113) and V as in Proposition 15.11 Then, we have that 



n{n — 2)2;rs(M")^^ 


■H{0). 


In this expression, H{0) is the mean curvature of the oriented boundary dft at 0. 

We prove the Proposition in the sequel, and postpone the proofs of Theorems 
11.11 and [Ql to the end of the section. We let Pe > 0 such that lime^oPe = 0. We 
let Ue, Oe and a as in (d, d, (E3i, d and d). We assume that 0 < s < 2 
and let x^, Pe, K as in itTTI) . Since linig^o = 0, we consider the chart ip defined 
in d with a;o = 0. 


Step 7.1 : We provide a Pohozaev-type identity for rtg. It follows from Proposition 
18.11 that Ue S (7^(11) and that Aue S LP(TI) for all p S (1, j). In the sequel, we 
denote by v{x) the outward normal vector at a: G dLl of the oriented hypersurface 
dTl (oriented as the boundary of 11). Integrating by parts, we get that 


x^diUfAuf dx 


x'^diUedyUe da + / dj{x^diU,^)djUe dx 


I an 


( x^'diUeduUe da + f \Vu,.\‘^dx+ ( dx 

Jan Jn Jn 2 


(' 


= ( 1 - w) / IVWel dx + 

Jn Jan 


^^ ^ - x'^diUedi,Uf_ ] da 


= ^ Uf^dyU^da + J UeAuedx 

+ J - x^diUedyU^'] da. 


Using the equation d in the RHS, we get that 
/ X^diUeAUe dx = [1 — 




(‘- 2 ) 

/ 

\Jn 


dx — Ueul dx 

Jn 


+ j + - x"" BiU ^3 yU^ Ja. (107) 
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On the other hand, using the equation (P|l satisfied by Ue, we get that 


x^diU^Au^dx = / x'^diUf: — 


Jn 

Jn 


2*-l-e 

'iU ^——j- dx — / x^diUett^u^dx 


Jn 

'J -Pe 


x[ 


Jn 


r v?'~P 

= - / d,ix^x\-^)^ - dx 


Jn 


' 2 * - 


Pe Jon 
n — s uT~P^ , 1 

_ finr -J- 

2 


dx — X^diUetteUe dx 

Jn 


-Pe a; 


Jn 


Jn 2 * - 
f {x,v) ^ ^ 

Jdn‘J*-Pe \x 


Pe 

2*-p, 


dx + - (noe + x^diae)ul dx 


Jn 

, , {x,v) 2 , 

da — I —:—agUg da. 


Ian 2 

Plugging together (tWIl and we get that 


(108) 


n — 2 n — s 


u 


2*-i 


2 2^-pJJ^ |a;| 

n — 2 


Jan 


-Ued^Ue + (x, v) 


- dx + 
|Vue 


—x^diUedvUe — 


{x,v) 


„2*-p< 


(x,Vae) 


da + I (^> ^) ^^^2 (109) 


ui dx 


2*-pe \x\‘ 

for all e > 0. Since Ue = 0 on dfl, we get that 


Jan 


2*-Pe 


^ _ / 

2 -{2*-p,)J^ N* Jn 


(x, Va^) 


It? dx 


1 


Jan 


{x, v)\VU(_J' da. 


( 110 ) 


Step 7.2: We first deal with the RHS of (IllOII . We take tp as in lltill with xq = 0. 
With the pointwise limit of Corollarv lh.il we get that 

/ {x,v)\Vue\^ da = / {x,v)\Vue\^ da + o{pe) 

J dQ J dQn(p{U) 

when e ^ 0 as soon as n > 4. With a change of variable, we get that 

/ {x, v)\WueJ da = 

Jan 

(1 + o(l)) • f pikex) ^^ ^ p{hx)] IVu,|| dx 


+o{pr^) (111) 

where the metric is such that {ge)ij = (dip3,djp)(kex) for all i,j = 2,...,n, 
\ge\ = det(ge) and 

De = ^ r\ {xi = 0}. 

Using the expression of ip (see (HHl), we get that 

, , ss {l,-d2Poix),...,-dnPoix)) 

^((pix)) = - , ... =- 
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for all x G [/ n {xi = 0}. We then get that 

/ n ^ 

{v o ip{x), X) = (1 + Odxp)) ■ 


i=1 


for all a; G 17 n {xi = 0} and all X G M". In this expression 0(1) is bounded for 
X G 17 n {xi = 0} and X G K". With the expression of (p (see (lTT)ll l. we get that 

{ip(k^x), V o p(k^x)) 


= (1 + 0{k1\x\^)) |^(/?o(fcea;) - h^x"di(po{kex)j 
= (1 + 0(^£ kH) ■ (-lk^dijp{0)x^x^ + 0{l){k^\xf) 


( 112 ) 


for e > 0 and x G ^ <1 {xi = 0}. Plugging I112II into mu, using the estimates of 
ProDOsition l6.ll Lebesgue’s convergence theorem and letting e ^ 0, we get that 


/an 


{x,v)\Vue\^ da = ( 


(/?o(0)x*X'^ |Vu|^ dx + o(l) I - fee 


(113) 


when n > 4 and where limg^o o(l) = 0. 
Step 7.3: It follows from ProDOsition l6.ll 


/ u^dx = o(/ie) 

Jn 


(114) 


when e ^ 0 and as soon as n > 4. Plugging into nnni , using (1^ and (CHI), 

we get that 

' n — 2 


2 - 2 ’ 


-/Xs(K" ) 2-“ + o(l) j Pe 


'7 [ i9*jV5o(0)x*X'^|Vwpdx + o(l) ) ■ pe 

4 JdR'^ J 


(115) 


where limc^o o(l) = 0 and when n > 4. With H1 1 51) . we get that 


Th - 2 XI — S T)f; 

lim-^—^ 

e^O 2 • 2* ^ ^ /ie 




clij73o(0)x*X'’|Vx|^ dx 


when n > 4. We consider the second fondamental form associated to dfl, namely 

IIp{x,y) = {dvpX,y) 

for all p G dfl and all x,y G TpdO. (recall that v is the outward normal vector at 
the hypersurface dVl). In the canonical basis of UR" = TqB^, the matrix of the 
bilinear form IIq is —DqPq, where D^po is the Hessian matrix of po at 0. With 
this remark and CI3), we get that 


e^O /Te [n — 2Y 


I 

JdM 


//o(x, x)| Vxp dx 


(116) 
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when n > 4. Since n > 0, that v G and v verifies (P|l . it follows from 

the strong maximum principle that u > 0 in R". Moreover, it follows from the 
definition lUSl) and the pointwise estimate (CTi that there exists C > 0 such that 


v{x) < 


C 


for all X G R". We let v(x) := \x\^ (t^) Kelvin transform of v. As 

easily checked, v G (^^(R" \ {0}) and verifies 


02’-l (j 

Av = — —j— in R” and v{x) < 


{l + m^ 


for all X G R". Since v vanishes on 9R", it then follows from standard elliptic 
theory that v G C^(R”) and then, that there exists C > 0 such that v{x) < C\x\ 
for all X G Si(0) n R". Coming back to the function v, we get that tehre exists 
C > 0 such that 


v{x) < 


C 


for all X G R". It follows from Proposition o of Appendix B that there exists 
w G (^^(R* X R) such that v{xi,x') = w{xi, ja;'!) for all (a;i,a;') G R* x R”“^. In 
particular, |Vn|(0,a;') is radially symmetrical wrt x' G 9R". Since we have chosen 
a chart that is Euclidean at 0, we get that 


IIq{x,x)\\Jv\'^ dx = 


Et2iiioy 


xnVz;f dx 


iJ(0) 


a;nVnf dx. 


/aK” 


Note that we have used here that in the chart (p defined in the matrix of the 
first fundamental form at 0 is the identity. Plugging thsi last inequality in (tTTHll . 
we get that 



- s)/aR" |a;p|VupdT 

-=-• HiO) 

n{n — 2)2/ig(R”) 


(117) 


when n > 4. 


Step 7.4 : We are now in position to prove Theorems o and o We prove 
Theorem 11.11 by contradiction and assume that there are no extremals for Q. It 
follows from Propositions 14.II and l4.2l that there exists Uc G i7Jo(^) such that (I2:ill . 
(1^ and hold with Ue = 0 and Pe = e. Since 0 < s < 2, then nT7l) holds 

with pe = e when n > 4. We then get that H{0) > 0. A contradiction with 
the assumptions of Theorem o This proves the first point of Theorem o when 
n > 4. Concerning the compactness, any sequence of minimizers of satisfies 
(PI and (1^ with pe = 0 and a = 0. If the sequence of minimizers blows up, we 
get with itTTTI) that H{0) = 0. A contradiction with our initial assumption. Then 
we get that the sequence does not blow up. It then follows from standard elliptic 
theory that it converges in iff q(SI). This proves Theorem 11.11 when n > 4. 
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Concerning Theorem o the proof is quite similar to that of Theorem [TTl We 
assume that the conclusion of the theorem does not hold. It follows from Proposi¬ 
tions and ^21 that there exists G such that 12dll . (I24II and (I2till hold 

with = a and = e. The proof is then the same as the proof of Theorem o 


8. Appendix: Regularity of weak solutions 
In this appendix, we prove the following regularity result: 

Proposition 8.1. Let LI be a smooth bounded domain of R”, n > 3. We let 
s S (0,2) and a € We let e S [0,2* — 2) and consider u S Hf Q{Ll) a weak 

solution of 

Au + au= -- in V'{n). 

Then there exists 9 G (0,1) such that u € 


Proof. Step 8.1: We follow the strategy developed by Trudinger. Let /3 > 1, and 
L > 0. We let 

\t\^~^t if jtj < L 

GL{t) = { f3L^-^{t- L) + Lf^ ift>L 
+ L) - LP iit<-L 


and 


|t| ^2 t if |t| < L 

Hhit) = I [t — L)-\-\it> L 


^L^{t + L)-L 


g+i 


if t < —L 


As easily checked. 


0 < tGL{t) < Hrity and Gf{t) = 


4/3 


(/3 + l)^ 




for all t S M and all L > 0. Let ry S Gf°{W^). As easily checked, rj^GLiu), r]HL{u) G 
iLf o(^)' With the equation verified by u, we get that 


| 2 *- 2 -£ 


/ yuV{ri^GLiu))dx = / ——- 

In Jn m 


-rfuGL{u) dx — / arfuGL{u)dx. (118) 

Jn 


We let Jrit) = /q Gl{t) dr for all t S R. Integrating by parts, we get that 
j Vu\/{ri^GL{u)) dx = I ri'^G'i^{u)\\7u\^ dx + f Vrj'^V Jl{u) dx 

JO J Q, J Q. 

■ f f]'^\VHL{u)\'^ dx + f {Arf)JL{u)dx 

Jn Jn 

4/3 


(/3 + 1)^ Jn 

4/3 

(/3+l)^ 


y{riHL{u))G dx 


(/3 -I- 1) 


2 , riAr]\HL{u)\‘^ dx 


{Airi^)JL{u) dx 


(119) 
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On the other hand, with Holder’s inequality and the definition of /is(R"'), we then 
get that 


|2*-2-e 


n V Fi 


— a] ■ t]^uGl{u) dx < / ( |a|+ 


|2*-2-e 


■ {T]HL{u)f' dx 


< 


a • \x\ + \u 


2 —2—pe \ 2^^ -2 —€ \ 


/nnSupp r] 
f \r^Hr^{u)r \^ ^ 

In J ' 

<a [ |V(?777l(u))P dx 

Jn 


f dx\ 

L |a^l' 


( 120 ) 


where 


a • a; r + u 


2 *—€ 

2 -2-pc'l 2*-2-e 


1-T 


a := 


OnSupp r; FT 

■ dx \ 


■ dx 




'O 


Plugging lllHIl and 112QII into (I118II . we get that 

4/3 W..M2 


A- J^\y{T]HL{u))f dx < J^\T]Ar]\\HLiu)\‘^ dx + J^\A{T]‘^)JLiu)\dx 


( 121 ) 


where 

A := 


4/3 


(|a| • |a;|® + |up* ^ J’') 2 *- 2 - 


(/3 + 1)^ yannSupp -q 

f dx \ 

In \x\' 


■ dx 


xm«(M”) 


n\ —1 


Step 8.2: We letpo = sup{p > 1/ u € L^(il)}. It follows from Sobolev’s embedding 

2n 

n—2 ’ 


theorem that po > We claim that 


Po = +0O. 

We proceed by contradiction and assume that 

Po < oo. 

Let p G {2,po). It follows from the definition of po that u £ LP(H). Let P = p—1 > 
1. For any a; G H, we let > 0 such that 


(|a| • lx]'* + \up ^ P') 


2*-2-P.'12^^ 


■ dx 


nnB2Sx G) 
f dx \ 

In k 


Ps 


pn\ —1 


< 


2/3 


(/3 + l)2- 


(122) 
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Since is compact, we get that there exists Xi, ...,XAr € such that 

N 

C y Bs^. (a;*). 

i=l 


We fix i £ TV} and let ij G C°°{B 25 ^.{xi)) such that ry(x) = 1 for all x £ 

Bs^. ixi). We then get with and that 

- (/ 3 +^i )2 \v^'n\\HLiu)f dx + JjAr]'^\ ■ \ JLiu)\dx. (123) 

Recall that it follows from Sobolev’s inequality that there exists K{n,2) > 0 that 
depends only on n such that 

n-2 

(f 1/l^dxV <K{n,2)[ |V/pdx (124) 

/ JR-^ 

for all / G Hiq{W^). It follows from (|123|1 and 1|124|) that 

- \ri^v\\HL{u)\'^ in 

for all L > 0. As easily checked, there exists Co > 0 such that \ JL{t)\ < Cq • 
for alH £ R and all A > 0. Since u £ L^+^(n), we get that there exists a constant 
C = C{ri, u, f3, n) independant of L such that 


I \Hl{u)\"-^ dx < f \r]HL{u))\^-^ dx < C 

JQ,nBs^. (Xi) 


' Q.r\Bs^^ {xi 

for all L > 0. Letting L +oo, we get that 


/ ImI"- dx <+00, 

J QnBs^, (xi) 

for all i = We then get that u £ = L'^^(r2). And then, 

< Po for all p £ (2,po)- Letting p po, we get a contradiction. Then 
Po = +00 and u £ L^’(n) for all p > 1. This ends Step 8.2. 


Step 8.3: We claim that 

u £ C°’“(n) 

for all a £ (0,1). Indeed, it follows from Step 8.2 and the assumption 0 < s < 2 
that there exists p > § such that 

fe-.= ' ' I I, ^ -au€LP{n). 

It follows from standard elliptic theory that, in this case, u £ C°’“(n) for all 
a £ (0, min{2 — s, 1}). We let 
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We let a € (0,ao). Then u G Since u(0) = 0, we then get that 


\u{x)\ < |u(a;) — u{0)\ < C\x\°'. 


(125) 


We then get with itT^ that 


\fe{x)\ = 


|u(a;)| 




— au 


< 


C 


Is—(2*—1 —e)a 


for all a; G n. We distinguish 2 cases: 

Case 8.3.1: s — (2* — 1 — e)ao < 0. In this case, for any p > 1, up to taking a close 
enough to a^, we get that 

h e LP{n). 

Since Au + au = fc and u G it follows from standard elliptic theory that 

there exist exists 6 G (0,1) such that u G It follows that ao = 1- This 

proves the claim in Case 8.3.1. 

Case 8.3.2: s — (2* — 1 — e)ao > 0. In this case, for any p < 
taking a close enough to ao, we get that 


fe G LP{n). 


We distinguish 3 subcases. 

Case 8.3.2.1: s — (2* — 1 — e)ao < 1. In this case, up to taking a close enough to 
ao, there exists p > n such that 


Since Aw = and u G i/f o(^)i it follows from standard elliptic theory that there 
exist exists 9 G (0,1) such that u G C^’®(fl). It follows that ao = 1. This proves 
the claim in Case 8.3.2.1. 

Case 8.3. 2.2: s — (2* — 1 — e)ao = 1. In this case, for any p < n, up to taking a 
close enough to ao, we get that 

/. e LPiSi). 

Since Au + au = and u G iJ^g(n), it follows from standard elliptic theory that 
u G C°’“(n) for all d G (0,1). It follows that ao = 1. This proves the claim in Case 

8.3.2.2. 

Case 8.3.2.3: s — (2* — I — e)ao > 1. In this case, it follows from standard elliptic 
theory that u G (7°’“ (SI) for all 

d < 2 - (s - (2* - I - e)ao). 

It follows from the definition of ao that 

ao > 2 - (s - (2* - 1 - e)ao), 

and then 

0 > 2 - s + (2* - 2 - e) ao > 0, 

a contradiction since s < 2 and e < 2* — 2. This proves that Case 7.3.2.3 does not 
occur, and we are back to the other cases. 

Clearly, theses cases end Step 8.3. 

Step 8.4: We claim that there exists 6 G (0,1) such that 

u G ^^^(ST). 
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We proceed as in Step 8.3. We let a S (0,1) (note that ao = 1). We then get that 


\fe{x)\ = 


\u{x)\ 


2*-l-e^ 


< 


c 


. Is —(2* —1 —e)a 


for all a; G n. We distinguish 2 cases: 

Case 8.4-1: s — (2* — 1 — e) < 0. In this case, for any p > 1, up to taking a close 
enough to ag, we get that 

fe G LP{n). 

Since Au + au = and u G i7^Q(n), it follows from standard elliptic theory that 
there exist exists 0 G (0,1) such that u G (^^’^(n). It follows that ao = 1. This 
proves the claim in Case 8.4.1. 

Case 8.4-2: s — (2* — 1 — e) > 0. In this case, for any p < , up to taking 

a close enough to 1, we get that 


/, G LP{n). 


As easily checked. 


1 - (s - (2* - 1 - e)) = 2 - s + (2* - 1 - e) - 1 > 2* - 2 - e. 


We the get that there exists p > n such that fe G Since Au + au = fe and 

u G 7Jig(n), it follows from standard elliptic theory that there exists 9 G (0,1) 
such that u G (^^’^(n). This proves the claim in Case 8.4.2. 

Combining Case 8.4.1 and Case 8.4.2, we obtain Step 8.4. Pronosition 18.11 then 
follows from Step 8.4. □ 
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